EE120 - Fall'19 - Lecture 11 Notes"
Murat Arcak
15 October 2019

Two Dimensional (2D) Fourier Transform

2D CTFT Analysis Equation:

X(jwy, jwn) / / x(ty, tp)eIOrtemiat2 gt dt, (1)
2D CTFT Synthesis Equation:
(tl,tz / / ]wl,]wz €]w1t1€]w2t2dW1dCJJ2 (2)
2D DTFT Analysis Equation:
X(el1, el2) = Z Z x[ny, nple frmg=jwana (3)
NnNp=—00 Hp=—00
Note that this is periodic with period (27,277):
X(efwllejwz) - X(ef(w1+2n),efw2) - X(ej“’l,ef(“’2+2")).
2D DTFT Synthesis Equation:
1 o ‘
x[ny, | = —= X (1, el92)el1M o]9212 4. dev
[n1, 2] (27'[)2/27'(/27'[ ( ) 1dwr (4)
Absolute integrability /summability conditions for convergence:
/ / x(t1,t2)|dt1dt, < oo (continuous time) (5)
Z Z x[ny, ny]| < oo (discrete time). (6)
Np=—00 Np=—00
Example:  x[ny, ny] = d[ny, ny| := d[n1]6[ny).
X(ej“’l,ejwz — Z 2 [y, no)e —jwim p—jwany — ,—jw10,—jw20 _ q
Nn1=—00HNp=—00
Example:  x[ny,np] = a™b"2ulny, ny), la] < 1, |b| < 1, where
ulny, ny) := ulnqulny].
. . 0 0 . .
X(ef“1,el?) = Z Z aMph2p—JjwWiny p—]Waiy
n1=0n,=0
— i aMe—jwim i p2e—iw2n2
n1:O ny=0
1 1

1—ae /11 — pe—jw2
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Separability Property of the 2D DTFT:

If x[ny,n5] = x1[n1]xz[n2] then X(e/“1,e/“2) = X1 (/1) X, (el*2) as in
the examples above. A similar property holds for the 2D CTFT.

Proof:
X(ef“1,el92) = Z Z x1 [11]xp [11p]e 7T m g iw2m2
Nn]=—00Hp=—00
= Z xq [1]e~1orm Z X [np]efw2n2
n|{=—00 Np=—00
= Xy (ef“n) = Xp(el?)
2D Systems
x[ny, ny]— — y[ny, ny)

When the input is d[ny, ny] the output is called the impulse response
and denoted h[ny,n,] as in 1D systems.

Example: 2D moving average filter

1 4 1
y[ny, na] = § Z Z x[ny — ki, n2 — ko]
1=—1ky=—1
A
(mm) —— 3 x 3 sliding window

1
s —1<nm<land —1<n, <1
h[nl,nz]:{g =" = =12 =

otherwise.

2D Convolution:

If the system is linear shift-invariant, then:

y[ni,np] = hiny, na) x xng, ny]

[es] (o]

= Z Z hml,mz 1—m1,n2—m2]
M) =—00 1p=—00
o0 (o]

= Z Z xml,mz n1—m1,n2—m2]-
mM]=—00 Hp=—00
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Convolution Property of the 2D DTFT

‘h[nl,nz] * x[ny,ny] — H(ejwl,ej“’Z)X(ejwl,ejwz) (7)

Example: 2D separable ideal low pass filter

H(e/“1,e/“2) = 1 in the shaded regions of the (w1, w;)-plane below
and = 0 otherwise:

%)
A
(027) o(27,27)
wCz
(27,0)
. > W
we, 1

We can write this frequency response as:
H(el“1, el*2) = Hy (el1)Hp(el2)

where
1wl < We;

H. (/v =
i) 0 wy <lwi|<m

i=1,2
Then, from the separability property,
wWe, . w Wey . (W
h[Tll, 1’12] = hl [Tll]hz[nz] = %smc (%1’[1) %SII’IC (%le)

which is depicted below for w,, = w,, = 0.27.
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Example: 2D circularly symmetric ideal low pass filter

H(e/“1,e/“2) = 1 in the shaded regions of the (w1, w;)-plane below
and = 0 otherwise:

wa
A
+(027) o(27,2)
We
We _(2m,0) . w1

In the region [—7t, 7] X [—7, 7t], this can be expressed as:

[ 2. o
H(ejwllejw2> = 1 W1 +w2 S We
0 /w?+w)>w..

The 2D DTFT Synthesis Equation yields:

w
hlny, ny] = —F" <wc\/n% +Tl%)
27\ /n3 + n3

where [1(-) is the Bessel function of the first kind and first order.? 2See mathworld.wolfram.com for a
description of Bessel functions of the

Note that h[ny, ny] is not separable. However, like the frequency first kind. The Matlab command to

response H (e/“1,¢/“2), it exhibits circular symmetry. See the figure evaluate Jy() is besselj(1,-) where the

first argument specifies the order.
below for a depiction of h[ny, ny] for w. = 0.27. & P
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2D DFT

Consider a 2D finite-length signal such that x[n1, 1] = 0 when
n & {0,1,...,Ny—1}orny ¢ {0,1,..., N, — 1}. The DFT is defined
similarly to the 1D case.

Analysis Equation: For 0 <kj < Ny —1land 0 <k, < N, —1:

N —1N,—1 Sk -k
X[k, ko] = Y ) x[ng,mle '™ 8

n1=0 ny=0

Synthesis Equation: For0 <n; < N;j—land 0 <n; < N, —1:

x[ny,np) = ! Nlilszlx k e]lelnl Rl 9)
1, N1N2 o= 1/

Note, as in the 1D case, that the DFT consists of samples of the DTFT:

X[k, ko] = X (1, €/?)|  _on, o _on

WI=RN; 1,(472*1\727{2'

Reading for Interested Students

Chapter 27: Data Compression in The Scientist and Engineer’s Guide to
Digital Signal Processing (www.dspguide. com). See in particular Figures
27-9, 27-10, 27-11, 27-12, 27-15 illustrating JPEG compression.
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